CHAPTER-10

VECTORS

POINTS TO REMEMBER

A quantity that has magnitude as well as direction is called a vector. It
is denoted by a directed line segment.

Two or more vectors which are parallel to same line are called collinear
vectors.

Position vector of a point P(a, b, ¢) w.r.t. origin (0, 0, 0) is denoted by
OP where OP = ai + bj + ck and |OP| = VaZ + b? + c2.

If A(x4,¥1,%1) and B(x,,¥,,Z;) be any two points in space, then

4B = 2 —x )i+ (72 —y1)] + (z2 —z1)kand

|4B| = V(xz = %)% + 2 —y1)® + (22— 2)?

Any vector 3 i s called unit vector if|d]| = 1 It is denoted by a@

If two vectors d and l_; are represented in magnitude and direction by

the two sides of a triangle in order, then their sum d + B is represented
in magnitude and direction by third side of a triangle taken in opposite
order. This is called triangle law of addition of vectors.

If @ is any vector and 1 is a scalar, then A d is vector collinear with &

and [Ad] = [A][4].

- —
If 2 and b are two collinear vectors, then @ = A b where A is some
scalar.
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Any vector @ can be written as @ = |a|awhere @ is a unit vector in the

direction of a.

If d and B be the position vectors of points A and B, and C is any point
which divides A5 in ratio m:n internally then position vector ¢ of point C

L mb+na . . .

is given as ¢ = m—— If C divides AF in ratio m:n externally,
mb-na

then¢ = .
m-—n

The angles a, 8 and y made by I = af + bj + ckwith positive direction
of x, y and z-axis are called angles and cosines of these angles are
called direction cosines of#usually denoted as /=cosa, m=cos f,

n=cosy
a b C 2 2 2
Also|=ﬁ,m=ﬁ,n=ﬁandl +m“+n“=1

The numbers a, b, ¢ proportional to I, m, n are called direction ratios.

Scalar product or dot product of two vectors Z\'andB is denoted as
3.b and is defined as 3.b = |3||B| cos 6, 6 is the angle between
dand b.(0< 6 < m).

Dot product of two vectors is commutative i.e. &.b = b .d

—
a.

ol

= goral

ol
Il
o'l

0 ©®3a=0,

|3]%, so 1 j=kk=1

=5
.d

[+}1A
—
Il
—>

Ifd = a,1 + a,] + azkand b = b, 1+ b,j + bk then

3 .l_)) = albl + azbz + a3b3.
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o p_ ldb
Projection ofd on b = al?l and

Projection vector of a along b = (( i )) b

Cross product or vector product of two vectors dandb is denoted as
dX b and is defined as d X b= |d||b|sin 8 7. were 6 is the angle
betweendand b .(0 < 6 < m). And i is a unit vector perpendicular to

both d@ and b such that d . b and fifrom a right handed system.

Cross product of two vectors is not commutative i.e.,d Xb b X 3,
butd x b = —(b x 7).

ixb=0¢3=0,b=Oorib.

R
5’ X b = a1 az a3
b; by bz

Unit vector perpendicular to both @ and b= + ((: iE )

|3 X b|is the area of parallelogram whose adjacent sides are d and b

|3 X blis the area of parallelogram where diagonals are @ and b.

N =

If 5’,_6 and ¢ form a triangle, then area of the triangle
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=-[dxb|=z|bx ¢l =

N =
N
N | =

|¢ x 4.
Scalar triple product of three vectora, band &is defined as a. (b X E) and

is denotes as [33)3]

Geometrically, absolute value of scalar friple product [E\’bé’] represents

volume of a parallelopiped whose coterminous edges are a’band &
3 b ¢ are coplanar 4:[5’ b _c'] =0
[Ebd=[b2d]=[¢3D]

Ifa = a1f+ azj\+ a3ﬁ,g= b1i+ b2i+ b3l’i and E= C1i+
c,j + czkthen

4; a; az

5
é’bé’] =|b; b, b;
€t C C3

Then scalar triple product of three vectors is zero if any two of them are
same or collinear.

Very Short Answer Type Questions (1 MARK)

IfAB = 31+ 2 1= k and the coordinate of A are (4,1,1), then find the

coordinates of B.
Let3= —2i+j, b= 1+2] and ¢=4i+ 3 Find the values of x
and y such that ¢ = x3 + yb.

Find a unit vector in the direction of the resultant of the vectors

i—7+3k 21+7—2k and 1+ 2j— 2k
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10.

11.

12.

13.

14.

15.

Find a vector of magnitude of 5 units parallel to the resultant of vector

d=2i+3+k andb = (i-2j-k)

For what value of A are the vector @ and b perpendicular to each other?

Where @ = Al + 2j + k and b = 5{ — 9] + 2k

Write the value of p for which @ = 31+ 2] + 9% and b =i+ pj + 3k

are parallel vectors.

For any two vectors & and b write when |d@ + b| = |d@ — b| holds.

Find the value of p if (2'i + 6]+ 271:5) X ('i + 3/ + pl‘é) =0

Evaluate: .(f X k) + (i x k).f

fd=2i—3f, b=1+j—k &= 31—k, find [@b¢]

If d=5i—4j+k b=—-4i+3j—2k and &=1—2j—2k then
evaluate Z.(d X b)

Show that vector i + 3 + k, 2 — j—k, 7j + 3k are parallel to same

plane.
Find a vector of magnitude 6 which is perpendicular to both the vectors

2i—j+ 2k and 4i —j + 3k.

If@.b = 0, then what can you say about & and b?

If @ and b are two vectors such that | x 1_5| =d.b, then what is the

angle between d and b?
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16.

17.

18.

19.

20.

21.

22.

23.

Q.1.

Q.2.

Find the area of a parallelogram having diagonals 3 + j — 2k andi —
3] + 4k.
If i, and k are three mutually perpendicular vectors, then find the

value of J. (k x 7).

P and Q are two points with position vectors 3@ — 2b and @ + b
respectively. Write the position vector of a point R which divides the
segment PQ in the ratio 2:1 externally.

Find A when scalar projection of @ = Af + j + 4k on b=21+ 6] + 3k

is 4 units.

Find “a” so that the vectors p=3i—2j and ¢=2{+aj be

orthogonal.

fda=i—j+k b=2i+j—k and &=2Ai—j+ Ak are coplanar,
find the value of A.

What is the point of trisection of PQ nearer to P if positions of P and Q
are 31 + 3f — 4k and 97 + 8] — 10k respectively?

What is the angle between dand b, if é.b = 3 and |d x b| = 3V3.

SHORT ANSWER TYPE QUESTIONS (2 MARKS)

A vector 7 is inclined to x — axis at 45° and y-axis at 60° if | r | = 8 units.

find 7 .

if |@+b| =60, |a—b|=40and b =46 find |3 |
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Q.3.

Q4.

Q.5.

Q.6.

Q.7.

Q.8.

Q.9.

Q.10.

Q.11.

Write the projection of Z+3 on @ where

a=2-2j+kb=i+2j-2k and &=2i— j+4k

If the points (-1, —1, 2), (2, m, §) and (3, 11, 6) are collinear, find the
value of m.

For any three vectors 2,1-5 and ¢ write value of the following.
axB+O)+BXC+a)+Ex@+b)

If (@+5)2 +(3.5)>= 144 and | 4 | = 4. Find the value of | 4 |.

If for any two vectors a and b ;

@+5)* +(@-b)? =A[(@)? + (B)? | then write the value of % .

ifZ,l_; are two vectors such that |(Z+3)| = |3 | then prove that 2 a+ 7) is

perpendicular to b .
Show that vectors @ =3i—2j +£
b=1-3}+5k&=27+j -4k form a right angle triangle.

If a, Z, 2 are three vectors such that a+b+¢ = 0 and |Z |=5,]b]=12, |Z

| = 13, then find @b +bc +oa

The two vectors 7 + f and 37 —}+ 4k represents the two sides AB and AC

respectively of A ABC, find the length of median through A.
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Short Answer Type Questions (4 Marks)

The points A,B and C with position vectors 3% — yj + 2k, 5{—j +
k and 3xi + 3j — k are collinear. Find the values of x and y and also
the ratio in which the point B divides AC.

If sum of two unit vectors is a unit vector, prove that the magnitude of

their difference is V3.

Let d =4i+5j—k b=1—4j+5k and é=3i+j—k. Find a

vector d which is perpendicular to both @ and b and satisfying d.é=21

If @ and b are unit vectors inclined at an angled then proved that

(i) cos§=%|&+5|
s 0 a-b
(ii) tan; = |ﬁ

If Z,Z,Z are three mutually perpendicular vectors of equal magnitude.

Prove that Zz+b+cis equally in clined with vectors Z,Z and c. Also find
angles.

= » - a - ~12
For any vector d prove that |d x |2 + |d X fI? + |d X k]

Show that (& x b)” = |a[2[b| - (@.B) =

5
d. b

=
d. b

a d.
b b.
If &, b and & are the position vectors of vertices A,B,C of a A ABC, show

that the area of triangle ABC is % |d x b+bxe+ex d|. Deduce the

condition for points &, b and & to be collinear.
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10.

11.

12.

13.

14.

15.

16.

17.

Let @, b and & be unit vectors such thatd.b = @.& = 0 and the angle
between b and ¢ is n/6, prove that d = iZ(B X E).

fd, b and ¢ are three vectors such that @ + b + &=0,then prove that

dxb=bxé=¢&xd.
Ifd=1+j+k &=j—k are given vectors, then find a vector b
satisfying the equations d x b = ¢and d.b = 3.

Let d, b and & be three non zero vectors such that & is a unit vector

perpendicular to both d and b. if the angle between d and bis /6,

prove that [abc] =% (‘1’|2|l_)’|2

If the vectors @ =ai+j+k f=t+bj+k and  =i+j+ck are
&

= %-1wherea¢1b#=1andc¢1

coplanar, then prove that % +

._\

Find the altitude of a parallelepiped determined by the vectors
d, band ¢ if the base is taken as parallelogram determined by d and b

andifd=i+j+k b=21+4j—kandé=1+]+ 3k

Prove that the four points (4i+5j+k), —(j+k), (3i+9]+4k)and

4 (—i + 3 + f() are coplanar.

If |d| =3, |b| = 4 and |&] =5 such that each is perpendicular to

sum of the other two, find |d + b + &|

Decompose the vector 61 — 37 — 6k into vectors which are parallel and

perpendicular to the vector  + j + k.
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18.

19.

20.

21.

22.

23.

24,

25.

26.

-

If d, b and ¢ are vectors such that d.b =d.¢, dxb=d x ¢, a%0,

then show that b = ¢

If @, b and &are three non zero vectors such thatd X b = 2and b x & = d.
Prove that @, b and & are mutually at right angles and || = 1 and|é| =
|d|

Simplify [d —b, b—¢& ¢—d

If [db¢] = 2, find the volume of the parallelepiped whose co-terminus

edges are 2d + b, 2b+¢ 22+a.

If @, b and & are three vectors such that @ +b + & =0 and la| =3,

|b| = 5, |&] = 7, find the angle between & and b.

The magnitude of the vector product of the vector i + j + k with a unit

vector along the sum of the vector 2i+4j—5k and Af+2f+ 3k is

equal to V2. Find the value of A.

1 -

faxb=¢&xdanddxé=bxd, prove that (d — d)is parallel to

(5 — &), where @ # dandb # &.
Find a vector of magnitude v171 which is perpendicular to both of the

vectors £=§+23'—31A< andi)=3§—3'+2f<.

If a is a nonzero real number, prove that the vectors

G=al+2a)-3ak, p=(a+)i+(2a+3)j+@+Dk
1 1 1
and «ry =(3a+5)i+(a+5)]j+(a+2)kare never coplanar.
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27.

28.

29.

30.

31.

32.

33.

34.

If &:35—] and [§=2§+j+3f< then express ﬁ in the form of

- - -

B =pB; + B, . where ﬁl is parallel to a and ﬁ , is perpendicular to ¢ .

Find a unit vector perpendicular to plane ABC, when position vectors

of AB,C are 31 — j + 2k, i — j — 3k and 4i — 3j + k respectively.

Find a unit vector in XY plane which makes an angle 45" with the

vector { + J at angle of 60° with the vector 37 — 4j.

Suppose @ = Af — 7j + 3k, b = Ai + j + 2Ak. If the angle between
g and b is greater than 90° , then prove that 1 satisfies the
inequality—7 < 1 < 1.

Let# =21 +j—kandw = i+ 3k. If uis a unit vector, then find the

maximum value of he scalar triple products u, ¥, w.

If Ei='i—7€,75=xi+j+(1—x)f€ and ¢=yi+ x4+ A +x—-yk

then prove that [@b¢] depends upon neither x nor y.

A, b and c are distinct non negative numbers, if the vectors ai + aj +

ck, i+ kand ci + cj + bk lie in a plane, then prove that ¢ is the

geometric mean of a and b.

a a*> 1+ad

If b b2 1+b3|=0and vectors (1,a,a?),(1,b,b?) and (1,c,c?) are
c ¢ 1+c8

non-coplanar, then find the value of abc. (Ans. =-1)
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10.

11.

12.

13.

Answers

Very Short Answer

(7,3,0)

i+ 4f+ 4k
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

—

© ® N O RN

Either 2 =0or b =0or ;LZ

45°

5«/3 sqg. Units

SHORT ANSWER TYPE [2 MARKS]

4(ﬁf+}+l§)
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11.

14.

16.

17.

20.

21.

22.

23.

25.

27.

28.

10. -169

1. 242

Short Answer Type Answer (4 marks)

(—i—j—k)+ (7t - 2j - 5k)
0

18 cu. Units

7= (1024 7] — 4k)
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59

31.

34.
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CHAPTER-11

THREE-DIMENSIONAL GEOMETRY

POINTS TO REMEMBER

. Distance Formula: Distance (d) between two points( x; , y; ,

zq)and(x, ¥z, 2;)

d=(x;— %) + (2 — y1)2 + (2 — 7,)?

° Section Formula: line segment AB is divided by P (x, y, z) in ratio m:n

(a) Internally (b) Externally

(mxz + nx; my, + ny, mz, + nzl) (mxz —nXy my; —ny, mzz—nzl)
’ )
m+n ' m+n ' m+n m-—n m-—n m-—n

° Direction ratio of a line through (x;,y;,2,)and (x,,y,,z,) arex, —

X1,Y2 = V1,22 — 21

° Direction cosines of a line having direction ratios as a, b, ¢ are:
1= a _ b _ c
— YaZ+bZ+c? '’ — YaZ+bZ+c2’ — VaZ+bZ+c?

e Equation of line in space:

Vector form Cartesian form
(i) Passing through point d and (i) Passing through  point
parallel to vector b; # = & + b ( x1,y1,z1 ) and having
direction ratios a, b, c;
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X=X1 __

Y=Y1 —
b

zZ—Z1

a c

(il)Passing
dandb; 7 =d + A (b — @)

through two points

(i) Passing through two points
(x1, y121) and (xz,¥,2,);

Z—2Z1

X=X1 _ Y~V1 __

X2—X1 Y2=V1 Z2—2Z;

Angle between two lines:

Vector form

Cartesian form

() For lines #=a +Ab, and
s o BBy
Ff=a,+ub,cosf = AR

.. . x—x
(i) For lines = = and
a; by c1
X=X2 _Y~Y2 _Z72%2
a b, C2
cos @

lajaz + biby + cic3|

\[a§+b§ +c§\[a§+b% + c2

(iii) Lines are perpendicular if 51 .52
0

(i) Lines are perpendicular if

aia, + b1b2 + C1Cy = 0

(iv) Lines are parallel if b, = kb, ;

k+0

(i)

Lines are parallel if

a; b _ G

a, b, c

Equation of plane:

If p is length of perpendicular from
origin to plane and i is unit vector

normal to plane 7.A =p

If p is length of perpendicular from
origin to plane and I, m, n ared.c.s of

normal to plane Ix + my + nz =p

131

[Class XII : Maths]




Passing through d and 7 is normal to

plane :(# —d).n =0

Passing through (x;,v,,z;) and a, b, ¢

are d.r.s of normal to plane:

alx—x)+b(y—y)+c(z—2)=0

Passing through three non collinear

i -
points d, b, ¢:

F-a.[b-d)x@-d)]=0

Passing through three non collinear

points(xy, y1, 21) (X2, ¥2, 22) (X3, 3, Z3):

X—=X3 Y=Y Z—2z
X2—=X1 Y2—Y1 Z2—Z|=0
X3—X1 Y3—V1 Z3— %4

If a, b, ¢ are intercepts on co-

i X z
ordinate axes = + 2 +2 =1
a b c

If x1, 1,2, are intercepts on coordinate

x b4
axes—+2Z +Z=1
X1 y Z

1

Plane passing through line of

intersection of planes 7.7, =d;
and 7.7, =d, is
‘F. (ﬁl + A.T_iz) = dl + Adz ()\=rea|

no.)

Plane passing through the line of
intersection of planes

ax+by+cz+d, =0 and
ax+by+c,z+d, =0 is

(ax+ by +ciz+dy)
+ A(azx + be + CrZ
+ dz) = 0

Angle between planes:

Angle 0 between planes

=

F.nl = d1 and ?ﬁz = dz is
|71, .,
cosl = ——s—=
|72 |7,

Angle 8 between planes

a;x+ by + ¢,z =d; and

ax +b,y+cz=d, is

cos 6

_ la;a; + bib;, + c16
JZ b2+ E A+ b+ 2
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